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Ordinary Differential Equations (ODEs) 
 

 
 
 
 
 
 

 

An ordinary differential equation (ODE) is an equation that contains one or 

several derivatives of an unknown function, which we usually call y(x) (or sometimes 

called y(t) if the independent variable is time t). The equation may also contain y itself, 

known functions of x (or t), and constants. For example, 

ᇱݕ			(1) = cos  ݔ

ᇱᇱݕ			(2) + 	9 = ݁௫ 

ᇱᇱᇱݕ		(3) − ᇱݕ2	 = 0 

Here, as in calculus, y' denotes dy/dx, y2 = d2y/dx2etc. The term ordinary 

distinguishes them from partial differential equations (PDEs), which involve partial 

derivatives of an unknown function of two or more variables. For instance, a PDE with 

unknown function u of two variables x and y is 

߲ଶݑ
ଶݔ߲

+
߲ଶݑ
ଶݕ߲

= 0	

PDEs have important engineering applications, but they are more 

complicated than ODEs 	

An ODE is said to be of order n if the nth derivative of the unknown 

function y is the highest derivative of y in the equation. The concept of order 

gives a useful classification into ODEs of first order, second order, and so on. 

Thus, (1) is of first order, (2) of second order, and (3) of third order. 

 

 

 

  

Ordinary Differential Equations (ODEs) 

Definition 
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Ordinary Differential Equations (ODEs) 
 

 
 
 
 
 
 
 
 
 

A Differential Equation (D.E.) that can be written in the form: 
 

∂y
∂x

+ 	P(x)	y = Q(x) ………Standard	Form 
 

Where P and Q are function of x is called a linear first order ordinary differential 

equation. 

Steps for solving…… 

1) Have the standard form. 

2) Get P(x) and	Q(x). 

3) Find (࢞)࣋	ݓℎ݁݁ݎ ====> (࢞)࣋ = 	 ݁∫(௫)ௗ௫ 

4) Use the equation 			ݕ = 	 ଵ
ఘ(௫)

	∫  .to find  y  ݔ݀(ݔ)ܳ	(ݔ)ߩ

 
 
 
If we have: 

ݕ߲
ݔ߲

+ ݕ	ܽ	 = ܾ 
 
Where a, b are constant then the solution:- 

ݕ = ݁ି௫	ଵܥ	 +
ܾ
ܽ

 

For example:- 
డ௬
డ௫
+ ݕ	5	 = ݕ	  <====== 10 = ݁ିହ௫	ଵܥ	 + 2 

డ௬
డ௫
+ ݕ		 ݕ	  <====== 1= = ݁ି௫	ଵܥ	 + 1 

First-order ODEs 

Linear 1st ODEs 

Special Case 
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Ordinary Differential Equations (ODEs) 
 

డ௬
డ௫
+ ݕ	6	 ݕ	  <====== 3= = ݁ି௫	ଵܥ	 + 0.5 

Example: - for the figure below the key closed at (t=0) write down the instantaneous 

equation of the current i in term of time t if u know that i (t=0) = 0? 

Solution:- 

 
 

(ݐ)݅ = 	
48
11
	݁ିଵଵ௧ +

48
11

 ݁ݎ݁݉ܣ				
 
 
 
 
 
 
 
 
 
 
 
 

Numerous applications can be modeled by ODEs that are nonlinear but can be 

transformed to linear ODEs. One of the most useful ones of these is the Bernoulli 

equation. 

dy
dx

+ 	P(x)	y = Q(x)	y୬ 

Where n ≠ 1	, 0 

 To transfer such equation let: 

z = 	yଵି୬	 

Reduction to Linear Form 

Bernoulli Equation 
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Ordinary Differential Equations (ODEs) 
 

dz
dx

+ (1 − n)	P(x)	z = (1 − n)	Q(x) 

 
A first-order ODE that can be written in the form: 

,ݔ)ܯ ݔ݀(ݕ + ,ݔ)	ܰ ݕ݀(ݕ = 0	

Test for exact condition where 

     If   డெ
డ௬

= 	 డே
డ௫

  It is exact. 

     If   డெ
డ௬

≠ 	 డே
డ௫

           It is not exact. 

 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Exact 1st ODEs 

Please, refer to page (A-71) answer in" 
calculus" ….check the solution in section 
16.2 /point (9)….what is your opinion in the 
given answer  
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Ordinary Differential Equations (ODEs) 
 

 
 
 
 

Many important applications in mechanical and electrical engineering are 

modeled by linear ordinary differential equations (linear ODEs) of the second order. 

Their theory is representative of all linear ODEs as is seen when compared to linear 

ODEs of third and higher order, respectively 

However, if we have:- 

ܽ(ݔ)
݀ݕ
ݔ݀

+ ܽିଵ(ݔ)
݀ିଵݕ
ିଵݔ݀

………… . .+ܽ(ݔ)ݕ =  (ݔ)݂

(ݔ)݂		݂݅ =  	݁ݏ݅ݓݎℎ݁ݐ	࢙࢛ࢋࢍࢎ	݈݈݀݁ܽܿ	݊݅ݐܽݑݍ݁	ℎ݁ݐ			0

 ࢙࢛ࢋࢍࢎ	݈݈݀݁ܽܿ	ݏݐ݅

 
 

 

 

 

 

 

 

2nd Order O.D.E. 

F(x) = 0
Homogenous

F(x) <> 0 
NonHomogenous

Linear 2nd order ODEs 
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Ordinary Differential Equations (ODEs) 
 

 

 

 

Case Roots of (2) General Solution 

I 
Distinct Real 

r1 ≠ r2 
࢟ ࢞࢘ࢋ	= +  ࢞࢘ࢋ

II 
Real double 

r1 = r2 = r 
࢟ = ] +  ࢞࢘ࢋ[࢞

III 
Complex Conjugate 

࢘ = ࢇ +  ࢈
࢟ = ]࢞ࢇࢋ ܛܗ܋ ࢞࢈ +  ܖܑܛ  [࢞࢈

 

 

 

 

 

  

 
The solution is 	ݕ (y general) and equal to:- 

ݕ ݕ	= ݕ	+  
Where:-	

 .ை..ா	௩	௧		௦௨௧	௨௦	ୀ	ݕ

Non-Homogenous 
2nd order ODEs

[ F(x) = 0 ]

Method of 
Undetermined 

Coefficients

Method of 
Variation 

Parameters

Homogenous 2nd order ODEs F(x) = 0 

Non-Homogenous 2nd order ODEs [F(x) ≠ 0] 

Method Undetermined Coefficients 
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Ordinary Differential Equations (ODEs) 
 

 .ை..ா	௩	௧		௦௨௧	௧௨	ୀ	ݕ

Case C. E. yP 

݁௫ 
r is not a root in C.E. 
r is a single root in C.E. 
r is a Double root in C.E. 

 ௫݁ܣ
 ௫݁ݔܣ
 ଶ݁௫ݔܣ

sin݉ݔ	, cos݉ݔ 
m is not a root in C.E. 
m is a single root in C.E. 
m is a Double root in C.E. 

ݔ	ݏܥ	ܣ +  ݔ	݊݅ܵ	ܤ
ݔ	ݏܥ	ݔ	ܣ +  ݔ	݊݅ܵ		ݔ	ܤ
ݔ	ݏܥ	ଶݔ	ܣ +  ݔ	݊݅ܵ		ଶݔ	ܤ

ଶݔܽ + ݔܾ	 + ܿ 
0 is not a root in C.E. 
0 is a single root in C.E. 
0 is a Double root in C.E. 

ଶݔ	ܣ + ݔ	ܤ +  ܥ
ଷݔ	ܣ + ଶݔ	ܤ +  ݔ	ܥ
ସݔ	ܣ ଷݔ	ܤ+ +  ଶݔ	ܥ

 
 
 
 
 
How to solve using this method?? 

1) Get the homogenous solution  ݕ . 

2) Put the homogenous solution in the form				ݕ 	ଵܥ	= ଵܷ 	ଶܥ	+ ଶܷ	. 

3) Get D 

Where  

D =  ଵܷ ܷଶ
ଵܷ
′ ܷଶ′

൨ 

4) Get ଵܸ		ܽ݊݀		 ଶܸ where  

 

ଵܸ = න
− ଶܷ ∗ (ݔ)݂

ܦ
 ݔ݀

									 ଶܸ = න ଵܷ ∗ (ݔ)݂
ܦ

 ݔ݀

5) Finally write y as 

ݕ = 	 ଵܷ	 ଵܸ +	 ଶܷ	 ଶܸ 

Method of Variation Parameters 
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Ordinary Differential Equations (ODEs) 
 

 
 
 
 

ᇱᇱᇱݕ + ᇱᇱݕܽ + ᇱݕܾ + ݕܿ =  (ݔ)݂
General Solution is: 

ݕ = ݕ	  ݕ	+

ଵݎ ≠ ଶݎ ≠  ଷݎ

ݕ = ଵ݁భ௫ܥ + ݁మ௫	ଶܥ +  ଷ݁య௫ܥ

ଵݎ = ଶݎ =  ଷݎ

ݕ = ଵܥ] + ݔ	ଶܥ +  ଶ]݁௫ݔ	ଷܥ

 

ଵݎ = ଶݎ ≠  ଷݎ

ݕ = ଵܥ] + భ௫݁[ݔ	ଶܥ +  ଷ݁య௫ܥ

 

,	ݎܾ݁݉ݑ݊	ݔ݈݁݉ܿ	݁ݎܽ			ଶݎ			&		ଵݎ  ଷݎ =  ݈ܽ݁ݎ

ݕ = ݁௫[ܥଵ ݏܿ ݔܾ + ଶܥ ݊݅ݏ [ݔܾ +  ଷ݁య௫ܥ

	 	

Linear 3rd order ODEs 

Case (I) 

Case (III) 

Case (IV) 

Case (II) 


